RICCI-FLAT DEFORMATIONS OF 
HOLOMORPHIC VECTOR BUNDLES 

MARCO KUHNEL 

Abstract. In this paper we give a criterion for a deformation of a 
holomorphic vector bundle to be Ricci-fiat. As an application we show 
that on a Kahler manifold, every deformation of a holomorphic vector 
bundle can be made Ricci-fiat whereas on some Hopf manifolds, the 
non-existence of a Ricci-fiat deformation of a vector bundle is connected 
to non-trivial vector bundles on C n \ {0}. In the case of surfaces with 
bi(X) 7^ 0, 'Ricci-rigid' rank 2 vector bundles are proved to be strongly 
obstructed with respect to possible nitrations. We use this to conclude 
that on diagonal Hopf surfaces apart from the line bundles only non- 
good rank 2 bundles can be Ricci-rigid. On Inoue surfaces all Ricci-rigid 
rank 2 bundles are non-filtrable except one. 



1. Introduction 

Let X be a compact complex manifold, U a complex manifold without 
holomorphic vector bundles (e.g. a contractible Stein manifold), and £ — > 
X x U a holomorphic vector bundle. (So the deformations we deal here with 
are neither global nor small but something in between.) Further let g be a 
hermitian metric on £. The data of the central fibre will be denoted by £q 
and g°. This setup is called a deformation of the hermitian vector bundle 
(£o,g°). As usual we denote 0° := <9<91ogdetg° and 0* := dxdx logdet g\e t 
the curvatures. 

Definition 1.1. The deformation (£,g) is called Ricci-fiat, if © t = 0° for 
all t £ U. 

We tackle the question of existence of Ricci-fiat deformations. In Theorem 
14.11 we show that the obstruction space for this problem is 

H\X, O x )/i*H 1 (X,R), 

if i : R — ► Ox is the natural inclusion. This group is trivial for Kahler 
manifolds, so on Kahler manifolds we can extend every metric on the central 
fibre curvature preservingly to the deformation. In the non-Kahler case we 
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can still show that the property of a given vector bundle to admit only Ricci- 
flat deformations is independent of the vector bundle and hence a property 
of the manifold, namely the vanishing of the obstruction space. 

The answer to the question, whether for a vector bundle any Ricci-flat 
deformation is trivial, depends on the bundle, however, and will be denoted 
by Ricci-rigidity. This generalises the notion of rigidity to manifolds with 
non-vanishing first cohomology. We will see that this property is connected 
to a minimizing property of H 1 (£nd(£)). 

On Hopf manifolds we deepen this connection and so construct Ricci-rigid 
vector bundles. We relate Ricci-rigidity to the non-triviality of the pullback 
to the universal cover C n \ {0}. 

In the case of a surface with b\ (X) ^ Ricci-rigidity of rank 2 bundles 
will be shown to obstruct possible nitrations. We use this to prove that on 
an Inoue surface all Ricci-rigid rank 2 bundles are non-filtrable except one 
(up to tensoring with line bundles) and on Hopf surfaces given by a diagonal 
automorphism the only Ricci-rigid vector bundles of rank > 1 are of rank 2 
and not good in the sense of deformation theory. 

It should be noted that the algebraic and analytic category differ widely 
in this case. Whereas on C 2 and C 2 \ {0} there are only trivial algebraic 
vector bundles |Se58l IHoSij . on C 2 \{0} some non-trivial holomorphic vector 
bundles have been constructed before. The paper by Banica and LePotier 
[BP87] classified filtrable holomorphic vector bundles on non-algebraic sur- 
faces. In particular, for all integers r > 2, C2 > there exists a holomorphic 
rank r bundle £ with 02(E) = 02 on a Hopf surface. Calculations below and 
in |Ma92| show that the pullback to C 2 \ {0} of such a bundle is not trivial 
provided 02 > 0. The constructed bundles are filtrable. Later Ballico [Ba02 
constructed a non- filtrable rank 2 bundle on C 2 \ {0}. In [S66] a non-trivial 
line bundle on C 2 \ {0} is constructed. 

2. The local data 

By the compactness of X we can employ the trivializations of £ in order 
to obtain a finite cover of open sets Ui C X and isomorphisms 

i>i ■ £\UixU — >pr{£o\UixU, 
where pr\ : X X U — ► X is the projection. This yields the data 

9ij := ipi o ipj 1 ^^ := (^fg, 

satisfying gj = 8*jgi, obviously. Note that % lu^x-jo} = Id. Similarly, we 
have the extended metric of the central fibre 

<,>:=pr$g 

as a comparison metric. We obtain by Lax-Milgram G{ € Endc°° (pr*£o\Ui x 
U) with the property 

9i(ei,e 2 ) =< e 1 ,G i e 2 > 
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for any C°° sections e±, e 2 of pr\£$ over f/j. Note that again Gi\u iX { y = Id. 
On Uij x U we have the formula 

(1) Gi = ()',,('• jO j,. 

Here 9*^ denotes the adjoint of 9ji with respect to <,>. It is easy to see 
that the deformation is Ricci-flat if and only if 

(2) d x d x log det G { = for all i. 
The inclusions ZdC Ox give a commuting triangle 

U X {X,-L) >■ H X {X, R) 

H\X, Ox) 

of injective maps. We view all unnamed maps as natural inclusions. 
For any deformation the map 

rj-.U — > H 1 (X, Ox ) /H 1 (X, Z) = Pic (X) 

given by 

t *—> [— : log det 9ij(., t)] = det St (8> det 5^ 

27T? 

is a well-defined holomorphic map with r/(0) = 0. If we assume the defor- 
mation to be small, we may assume that rj maps to ^(X, Ox)- 

3. The infinitesimal data 

We give the infinitesimal data for the one-dimensional case U = (C, 0). 
The generalisation to U = (C n ,0) is straightforward. 
We take the Taylor series to the first order 

9ij = Id + thij + h.o.t., Gi = Id + tji + tj* + h.o.t. 

with hij £ End(£o\Uij) , ^fi € Endc°° {£o\Ui). The hij satisfy the cocycle 
condition and hence yield an element h G H l (£nd{£o)). Indeed, if the 
deformation is trivial, hij is a coboundary. By comparison of 

9i(ei,e 2 ) =< ei,e 2 > +t < ei,7*e 2 > +t < e 1 ,^ i e 2 > +h.o.t. 

and 

9* i gj(e 1 ,e 2 ) = < e±, e 2 > +t(< hjiei, e 2 > + < ei, 7*e 2 >) + 
+t < ei, (jj + hji)e 2 > +h.o.t. 

we obtain 

(3) h^ = jj - 7i 

on Uij. This tells us that the 7, trivialise the deformation in the C°° sense 
to the first order. 
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Now let us consider curvature 

Qi := d x d x logdetgi 
= @° + ddlogdetGi 
= 6° + dd log(l + ttry< + fr.o.i) 
= 6° + ta5tr7i + h.o.t. 
So, any Ricci-flat deformation satisfies 
(4) ddtv-fi = 0. 

4. Existence 

We start with an arbitrary metric g on a deformation £. This yields the 
data ^j, 5° and Gj. By the Cartan decomposition we can find a unique 
positive hermitian A G Endc°°(£o) with respect to g such that 

g {e 1 ,e 2 )=g {Ae l ,Ae 2 ) 

for any local sections ei,e2 of £0. Setting ^ := o ipi,G{ := A^GiA 
(now with respect to <, >: = pr^g ) we obtain a deformation of g°. 
The question of existence of a Ricci-flat deformation is more subtle. 

4.1. Obstructions. 

Theorem 4.1. A deformation £ — > X x U of a hermitian holomorphic 
vector bundle (£0 — ► X,g°) allows for a curvature preserving metric g 
extending g° if and only if 

rj(t) G uH\X^fH\X,7.) 

for all t G U and the inclusion i : R Ox; moreover, this condition 
being satisfied, in every conformal class of metrics g deforming g° there is 
a Ricci-flat representative. 

Proof. Necessity: We shrink Ui appropriately such that they are simply 
connected. By ([2]) we find for every t G U holomorphic h,i{t) G Ox{Ui) such 
that 

logdetGiO) = ReOi(t)). 

So we have by ([]]) on Uij 

2Re(logdet 0„(t)) = Re(^(i) - hj(t)), 
hence there are Cj 3 -(t) G R such that 

— (21ogdet%(i) - hi(t) + hj(t)) = dj(t), 
but this means exactly 

r/(i) G uH 1 {X,W)/H 1 {X,'L). 

Sufficiency: Since #y|f7jj x {0} = Id, by shrinking {/ we may assume 
that 6ij = exp(27rifcjj) for some kij G End{pr\£o\Uij x £/). Note that (fey) 
is no cocycle, unless they commute. Nevertheless, det 9{j = exp(2iritn:kij), 
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so (trfcy) G 0(Uij x U) is a cocycle, defined uniquely by 0jj up to an integer. 
In particular, (trkij\Uij x {t}) G 0{Uij) is a cocycle for all t & U. Since 
we assumed that r/(i) = [trfcjj(t)] G i if H 1 {X, M)/H 1 (X, Z), we can choose 
*Q(t) G O(JJj) and <£y(i) G E such that 

tr% = Kj - Ki + 4>ij 

and Ki(0) = 0,0^(0) = 0. The dependence on t of Ki and </>y is not 
holomorphic anymore, but it can be chosen to be G°°. For Hi := exp(2mKi) 
we obtain 

Hi 

and hence the deformed metric has to satisfy 



det 9ij exp(— 2m(j)ij) — 



H 
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(5) det Go = j-^-detGj. 

I -nil 

Now we can take any metric g deforming g° (with data Gj) and take a 
confer mal change: 

Vdet GJ 

We obtain det Gi = \Hi\ 2 and hence dd log det Gj = 0, so we have a Ricci-flat 
deformation. 

Now covering the original U by neighbourhoods like above and using the 
uniqueness of trfcjj up to an integer, we extend the criterion to all of U. □ 

In the infinitesimal information we loose sufficiency of the condition: 

Proposition 4.2. A Ricci-flat deformation germ of hermitian vector bun- 
dles satisfies 

— trh G V, 
2ni 

where V is the maximal complex subspace of i^H 1 (X,W). 

Proof. We shrink Ui appropriately such that they are simply connected. By 
P| we find holomorphic fi,gi G 0(Ui) such that tryi = fi +~g~i- So ([3]) tells 
us that 

trhij + fi- fj = g~j -g^ 

Since the right hand side is antiholomorphic and the left hand side is holo- 
morphic, we find constants Cij G C such that 

Cjj = tr/ijj + fi fj = gj gj. 

So we obtain in i^H 1 (X, C) 

1,1 1 , . Imc „i , „ TON 

trh = trc = (c + 2ilmc) = G t if H 1 (X, E). 

2iri 2ni 2iri ir 
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If we look at a base transformation r : (T, 0) — ► (T, 0) and denote the 
objects corresponding to the deformation t*£ of £q by a superscript r, it is 
straightforward that 

^•=r'(0)^, 

This proves the statement. □ 

5. Stable Curvature and Ricci-Rigidity 

We see that Ricci-flatness of a deformation does not depend on the initial 
metric on the central bundle. There are two natural properties connected 
to Ricci-flat deformations: 

Definition 5.1. The vector bundle £q is said to have stable curvature, if 
all deformations of £q over a base U without holomorphic vector bundles are 
Ricci-flat. £q is Ricci-rigid, if every small Ricci-flat deformation of £q is 
trivial. 

Our first goal is to realise that stable curvature is not a property of a 
vector bundle, but of the underlying manifold: 

Proposition 5.2. Let X be a compact complex manifold. Then the proper- 
ties 

(i) There exists a vector bundle £q with stable curvature, 

(ii) All vector bundles have stable curvature, 

(iii) i* : H (X, R) — > H l {X, Ox) is an ^.-isomorphism 
are equivalent. 

Proof. Since (ii) =4* (i) is obvious and (iii) => (ii) is Theorem 14. H it remains 
to show (i) =4* (iii). So we assume that i* is not surjective. In particular, 
dim Pic (X) > 0, hence O x can be deformed non-trivially. So, for any 
deformation C t of C = O x with C t £ i l ,H 1 (X,R)/H 1 (X,Z) for all real t 
and arbitrary vector bundle £o, the deformation £o® A satisfies rj(t) = £™ 
i t H 1 (X, M.)/H 1 (X, Z) for all real t. Hence we have shown that no vector 
bundle has stable curvature. □ 

Due to this result we can define 

Definition 5.3. A compact complex manifold X is called a stable curvature 
manifold, if one (and hence all) of the properties in Proposition \5.S\ are 
satisfied. 

Examples of stable curvature manifolds are all compact Kahler manifolds. 
Counterexamples are all compact manifolds with odd b±(X), e.g. Hopf sur- 
faces. 

Also Ricci-rigidity has geometric implications. 

Proposition 5.4. If X allows for a Ricci-rigid vector bundle, then all germs 
of holomorphic maps f : (C,0) — > Pic°(X) with image in 
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are constant; in particular, Ricci-flat deformations are exactly the ones with 
preserved determinant; and V = {0}. 

Proof. Let / be such a map with /(0) = and £q a Ricci-rigid vector bundle. 
Then, of course £q <8> f(t) is a Ricci-flat deformation, hence £q <8> f(t) = 
£q. Taking determinants shows f{t) n = Ox, but this means that f(t) is 
constant, so / = 0. □ 

Note, that for any vector bundle the sequence 

— ► O x £nd(£ ) ad{£ ) — > 
splits via the trace map: 

£nd{£ ) ^O x ® ad(£o), </> h-> ( ip(<f>) 

is an isomorphism. 

In particular, tr : ^(Sndfto)) — ► H x {Ox) is surjective. If £q is good, 
i.e. H 2 (ad(£o)) = 0, then we can integrate any holomorphic h : U — ► V on 
a small open set U C C to a Ricci-flat deformation of £q. 

The classical correspondence that a vector bundle £q over X with H 2 (ad(£o)) 
is rigid if and only if H 1 (X , £nd(£o)) = has a nice analogue here. Our 
notion of Ricci-rigidity measures in the infinitesimal setup that at £q the 
minimal value is attained. 

Proposition 5.5. If a good vector bundle £$ on X is Ricci-rigid, then 
H 1 (ad(£ o )) = 0. 

Proof. Let £q be Ricci-rigid and £t be any small deformation of £q and define 
Ct := det£ t v <g) detfo- Note that Ct £ Pic (X). If we shrink the base of the 
deformation appropriately we may assume the existence of a holomorphic 
family Ct of line bundles with C+ = Ct- Now we have 

det(£®£t) = det(£ ), 

in particular, St (g> is a Ricci-flat deformation. Hence we obtain 

£ t ^£ ®C)[. 

By imposing H 2 (£nd(£o)) = H 2 (Ox) we ensure that every £ G H l {£nd{£o)) 
can be integrated to a small deformation (see |Br95t Cor. 5.7]). So 

C = j t \t= C t v GH 1 (Ox) 

for some deformation C t £ -P^c°(X) of £o = Cx- D 

Proposition 5.6. Let X be a compact manifold allowing for a Ricci-rigid 
vector bundle and £q a holomorphic vector bundle on X. If H 1 (ad(£o)) = 0, 
then £ is Ricci-rigid. 
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Proof. If H 1 (Snd(So)) = H (Ox), and St is a Ricci-flat deformation, then by 
Grauert's semi-continuity theorem we obtain also H l (Snd(St)) = H l (Ox) 
for small t. Shifting the centre of the deformation to t, we obtain a family 
h(t) G H 1 (Snd(S t )). We know now that tr : H 1 (Snd(S t )) — ► H l (O x ) 
is an isomorphism. By the Ricci-flatness of the deformation we have due 
to Proposition 15.41 that trh(t) = 0. Hence h(t) = for all t and so the 
deformation is trivial. □ 



6. Examples 

Since all Kahler manifolds are stable curvature manifolds, Ricci-rigidity 
coincides with rigidity in these cases. Therefore we concentrate on non- 
Kahler examples. 

6.1. Hopf manifolds. 

Example 6.1. Let X be the Hopf manifold defined by the automorphism 
4>(z) = 2z on C n \ {0}. Then there is a natural smooth elliptic fibration 
7T : X — > P n_1 . For any bundle we have R l Tr*Tr*£o = Sq . Let Sq be a a 
simple bundle on P n_1 with H x (Snd(S Q )) = H 2 (Snd(S )) = 0. Then the 
Leray spectral sequence implies that H 1 (Snd(ir* So)) = C and hence tt*Sq 
is Ricci-rigid. For instance, Tpn-i satisfies these conditions for n > 2. (For 
n = 2 exactly the line bundles satisfy the requirements.) A 

Moreover, it is known that p*T$m is not trivial for n > 2, if p : C n+1 \ 
{0} — ► P n denotes the natural projection. The following results will re- 
cover this and give a connection between Ricci-rigid bundles on some Hopf 
manifolds and non-trivial vector bundles on C n \ {0}. 

Proposition 6.2. Let X be the Hopf manifold given by the quotient ofC n \ 
{0} by the automorphism group generated by (p(z%, • • • , , z n ) = (ctiZi, . . . , a n z n ), 
\ati\ > 1 and u : C n \ {0} — > X the projection. If Sq is a Ricci-rigid vector 
bundle on X with rk£o > 1, then u*Sq is not trivial. 

Proof. There is a multiplicative degree deg^, : C[z\, . . . ,z n ] — > C via 

deg^O;) := oi. 

If u*Sq is trivial, usual techniques allow us to identify Sq of rank r with 
an equivalence class of holomorphic maps L : C n \ {0} — > Gl(r,C) where 

L = L : <^=^> 3T € G(C n \ {0}, Gl(r, C)) such that L = T o ip ■ L ■ T' 1 . 

Choosing T carefully we can achieve a normal form of L consisting of blocks 
Lj,,^ G C* in upper triangle form (cf. [Ma92] for a very similar normal 
form) with the property 

n 

[Lv)kk = \\ u 3 j k v 

J'=l 
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for ijk > 0, iji = and 

{L v )kl G C[zi, . . . 

homogeneous with 

n 

Now L(t) M := L H for (fc, Z) £ {(1, 1), (2, 2)} and 

L(t) u := exp(t)Lii,L(t) 2 2 ■= exp(-t)L 22 

defines a non-trivial Ricci-flat small deformation of £ o . □ 

Combining (|6,2p and (|6.ip we obtain immediately 

Corollary 6.3. If n > l,p : C n+1 \ {0} — > P n is the natural projection and 
£q a simple vector bundle on P n satisfying rk£o > 1 and H l (£nd(£$)) = 
H 2 \£nd(£o)) = 0, then p*£o is not trivial. 

6.2. Surfaces. 

Theorem 6.4. Let X be a compact complex surface with bi(X) ^ 0. If a 
rank 2 vector bundle £q on X is Ricci-rigid, then every filtration 

— >F — >£q — >Q®I Z — >0 

with Z a (non-reduced) point set and line bundles J~,G satisfies H 1 (X,J 7 

Proof. We may assume that X is not Kahler; otherwise there are no Ricci- 
rigid vector bundles. Assume we have an extension 

— > JF — >£ — >g®i z — >0 

with line bundles Q and a finite set of points Z such that H (X, T®Q y ) = 
0. 

This extension yields an element Q G Ext 1 (7,2 , J-®G y ). A part of the long 
exact -Ext-sequence of the ideal sheaf sequence looks like 

= H\X,F®Q y ) — ► Ext^Iz,^®^) — ► Ext 2 (O z ,F®G v ) — ► H 2 (X,F®G X 

So C may be identified with an element £ G Ext 2 (Oz,G v ® T) mapping to 
G H 2 {X,g w ®F) and generating £xt 2 (O z , T <g> G v ) = O z . Now let C t be 
a non-constant holomorphic family of line bundles with Cq = Ox', due to 
b\(X) ^ such a family exists. We interpret 

£ G Ext 2 (O z , G y ®F) = Ext 2 (O z <g) £ t " 2 , g v ® JF) Ext 2 (O z , £ v £ 2 ), 

again generating £xt 2 (Oz , J 7 ®G V £ 2 ) — ®z- By Grauert's semicontinuity 
and Lemma 16.51 we may assume 

H\X,F®Q W ®£%) =0 

for all t small enough and 

H 2 {X,T®g v ®L 2 ) = 
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for all t ^ small enough. So by the analogue Ext-sequence argument we 
obtain a unique Qt G Ext 1 (/^, T <g> Q y ® £ 2 ), i.e. we obtain by the Serre 
construction (see e.g. [Br95j ) an extension 

— ► T ® A — ► £ — >G®C w t ®I Z — ► 

with a vector bundle Ef The Ricci-flat deformation of 6q obtained in this 
way is not trivial, again due to Lemma [6 .51 Of course, H°(£q (S)J- v ) ^ and 
H°(£t ® <g> £ t v ) / 0, hence <g> :F V ) = for general t, if the family 

Ct was chosen general enough. □ 

Lemma 6.5. On a compact, non-Kahler surface X for every line bundle T 
the set 

{CePic°(X)\ H°(T®£) = 0} 

is open and not empty. The same holds true, if T is a filtrable rank 2 vector 
bundle. 

Proof. First, let T be a line bundle. By Grauert's semicontinuity result it 
is enough to find some C G Pic°(X) with H°(J- (g> £) = 0. So we assume 
that H°(T <g> C) / for all C G Pic°(X). Note that due to the non-Kahler 
property c\(Q) 2 < for every line bundle Q (cf. [BHPVt IV,Thm 6.2]) and 
bi(X) is odd (cf. [BHPV1 IV,Thm 3.1]). The latter implies that Pic°(X) is 
not compact. 

In a first step we construct a fibration ir : X — > C. For s G H°(J-) and 
i G if (J 7 (8) £) for some £ G Pic°(X) we see that due to 

ci(7).ci(F ® £) = ci(^) 2 < 

the schemes V(s),V(t) do not intersect or have at least one common com- 
ponent. So 

D:= p| V(H°(F®£,)) 
cePic°(x) 

is empty or an effective divisor. The line bundle 

g :=F®O x (-D) 

again satisfies H°(Q^C) ^ for all C G Pic°(X) and, moreover, we can find 
C G Pic°(X) and sections s G H°(Q), si G #°(£<g>£) and s_i G H°(g®£ v ) 
such that 

y( So )ny( Sl ) = y( So )ny( s _i) = 0. 

Hence, 

vr' : X — >P 1 ,3;h [ s g : 8 is_i] 

is a well-defined map. Applying Stein factorization we obtain a fibration 

vr : X — ► B 

onto a smooth curve B with connected fibres. 

Note that all irreducible curves C C X are contained in the fibres, since 
otherwise we have a curve C with CF > for the general fibre -F of 7r; but 
(C + fc-F) 2 = C 2 + 2&C.F > for ft big enough. 



RICCI-FLAT DEFORMATIONS OF VECTOR BUNDLES 



11 



Let C\, . . . ,C n be the finitely many irreducible components of the re- 
ducible fibres of ir. Now we have proved that for the compact manifold 
M := B U {C\, . . . , C n } and P := T % Pic°(X), the connected component 
of Pic(X) containing T, we have a map 

i/> : [J M k — ► Pic(X) 

fcGNo 

induced by ip{b) := O x {Fb) for b G B and ip(Ci) := Ov(Cj) satisfying 

P C limp. 

On the other hand tp(M k ) is compact and hence of codimension at least 

1 in Pic(X). So imip cannot contain any connected component of Pic(X) 
and we have reached a contradiction. 

If J 7 is a filtrable rank 2 bundle, we take a filtration 

— >T' — > T — >T" ®l z — ► 
and apply the lemma to the line bundles T' and T" . □ 

6.2.1. Ricci-rigid rank 2 bundles on Inoue surfaces. We treat Inoue surfaces 
before Hopf surfaces, since the description of Ricci-rigid vector bundles is 
somewhat easier due to the lack of curves. The geometry of Inoue surfaces 
implies immediately that all line bundles are Ricci-rigid. So we tackle rank 

2 bundles. 

Corollary 6.6. On an Inoue surface X every Ricci-rigid rank 2 vector 
bundle So is either non-filtrable or there is a line bundle T such that So ® T 
is isomorphic to the unique vector bundle obtained as a non-split extension 

— ► K x — > S Q <g> T — >O x — ► 0. 

The latter is Ricci-rigid, indeed. 

Proof. By tensoring with line bundles we may assume that So allows for a 
filtration 

— > C — > So — > I z — > 0. 
By Theorem 16.41 we obtain H 1 (X, C) ^ 0. On an Inoue surface the intersec- 
tion form of line bundles is trivial, hence x(^) = xiPx) = 0; furthermore 

H°(F) + ^ T = Ox 

for any line bundle, since there are no curves on X. So the condition 
^(XX) + translates into C G {K x ,O x }- 

First we treat the case C = Kx and Z ^ 0. The filtration dualises to 

— » Ox — » ^ V — » ® ^ — > 0. 

So H (X, Sq) = C and, looking at the dualised sequence again, also H (X, Sq® 
Iz) = C. If we tensorise this sequence by <?o we obtain 

— ► f — ► Snd(So) — > So ®I Z — > 0, 
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yielding for global sections H (X , £ nd{£oj) = C, so £q is simple. Tensor- 
ing the filtration and its dual with Kx tells us H°(X,£q (g) Kx) = = 
H°(X, £ V ®Kx®Iz),so also 

H 2 (X, £nd(£ ) = H°(X, £nd(£ ) ® K z ) = 0. 

Now we employ 

-4c 2 (£ ) = X(£nd(£ )) = 1 - h^X^nd^o)). 

Theorem 15.51 implies that £q is not Ricci-rigid. 
If Z = the filtration is 

— > Kx — ► £q — ► Ox — > 0. 

If the sequence splits, £o is clearly not Ricci-rigid. For the non-splittung ex- 
tension we have H°(£q) = 0. The dual of the filtration implies H°(£q) = C, 
so like above we obtain that £q is simple and H 2 (X, £nd(£$)) = 0. Riemann- 
Roch implies this time H 1 (X, £nd(£o)) = C and so £q is Ricci-rigid, indeed. 

We are left with the case L = Ox- Now £q = £q and with the same 
techniques as above we see that H 2 (X,£nd(£o)) = and h°(£nd(£o)) G 
{1,2}, if Z 0. Riemann-Roch yields again that £q is not Ricci-rigid. If 
Z = 0, the non-splitting extension 

— > Ox — £ — > — > 

satisfies F (X,£:o) = C. Hence h° (X , £nd(£ )) > 2. Moreover, 

H\X,£ ) =C,H 2 (X,£ ) = 0. 

The sequence 

— ► £q — ► £nd(£ ) — ► £ — > 

now implies H 2 (X,£nd(£ )) = 0,h°(X,£nd(£ )) = h 1 (X , £nd(£ )) = 2, so 
£q is not Ricci-rigid. □ 

6.2.2. Ricci-rigid vector bundles on Hopf surfaces. 

Corollary 6.7. Let X be a Hopf surface given by diagonal (p. All line 
bundles on X are Ricci-rigid. There are no Ricci-rigid vector bundles of 
rank > 3. There are no good Ricci-rigid rank 2 vector bundles. 

Proof. By Proposition 15.61 the line bundles are Ricci-rigid. 

Next we observe that a vector bundle Q on C 2 \ {0} is trivial if and only if 
it is extendable to C 2 (see |S66j ). It is extendable as a vector bundle if and 
only if it is extendable as a coherent sheaf, but this is ensured by [FG69, 
Cor. VII. 4], if rk£/ > 3. Hence, by Proposition 16.21 a vector bundle £q on 
a Hopf surface given by diagonal ip is never Ricci-rigid, if rk£o > 2. So it 
remains to deal with the "critical case" rk£o = 2. 

In case £q is Ricci-rigid, good and rk£o = 2 we have H 1 (X , £nd(£o)) = C 
and deduce 

-4c 2 (£ ) = x(£nd(£ )) > 0. 
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If C2(£q) < 0, then 8q is not filtrable, so it is simple; but then 02(80) = 0. If 
£2(80) = 0, then 80 is simple and topologically trivial, contradicting [Mo044 
Prop 3.1]. □ 
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